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Abstract

Based on the Reddy’s theory of plates with the effect of higher-order shear deformations, the governing
equations for nonlinear vibration of orthotropic plates with finite deformations are presented. The
nonlinear free vibration is analyzed by the differential quadrature method. The differential quadrature
approach suggested by Wang and Bert is extended to handle the multiple boundary conditions of the plate.
A new technique is also further extended to simplify nonlinear computations and the harmonic balance
method is used in deriving the equation of motion. The numerical convergence and comparison studies are
carried out to validate the present solutions. The results show that the presented differential quadrature
method is fairly reliable and valid. Influences of geometric and material parameters, transverse shear
deformations and rotation inertia, as well as vibration amplitudes, on the nonlinear free vibration
characteristics of orthotropic plates are studied.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

Plates with various shapes and materials are important structural elements. They are widely
used in modern engineering and science. There are many papers for the nonlinear behaviors of

*Corresponding author. Tel./fax: + 86-21-56380560.
E-mail address: chjcheng@mail.shu.edu.cn (C.-J. Cheng).

0022-460X/$ © 2004 Elsevier Ltd. All rights reserved.
doi:10.1016/j.jsv.2004.01.016


www.elsevier.com/locate/jsvi

296 J.-J. Li, C.-J. Cheng /| Journal of Sound and Vibration 281 (2005) 295-309

orthotropic and laminated plates based on the Kirchhoff assumption, which ignores the effect of
transverse shear deformation [1-3]. It is more important to consider the effect of transverse shear
deformation for orthotropic and laminated plates than for isotropic plates. Sathyamoorthy,
Reddy and other researchers [4] studied nonlinear vibration of plates based on the first-order plate
theory with a shear correction factor to account for the parabolic shear strain distribution. Reddy
[5] developed the theory of plates, taking into account the effect of higher-order shear
deformations, which eliminates the need for a shear correction factor. Tennetiand et al. [6-9]
analyzed the nonlinear vibration of laminated plates according to the Reddy theory and by using
finite element method.

Compared with the standard numerical techniques such as the finite element and finite
difference methods, the differential quadrature method (DQM), originated by Bellman and Casti
[10], is one of the high-efficiency methods in solving complex linear and nonlinear problems of
solid and structural mechanics. Bert and Malik [11] provided an excellent overview of the
publications on differential quadrature method. Bert et al. [12,13] employed successfully the
DQM to solve the static and free vibration problems of isotropic and orthotropic plates. In order
to simplify application and to improve efficiency and accuracy of the DQM, Wang and Bert
[14,15] presented an approach to deal with boundary conditions. In addition, Chen [16]
introduced the special matrix product to express the formulation of the nonlinear partial
differential operator in an explicit matrix form. There are a lot of papers related to linear
vibration of Mindlin Plates with various boundary conditions by using DQM [17,18]. To the best
of the authors’ knowledge, there have been no reports on the nonlinear vibration of plates with
finite deformations by DQM.

In this paper, the DQM is further extended to deal with the nonlinear free vibration of
orthotropic plates based on the Reddy’s theory of plates with the effect of higher-order transverse
shear deformation. Moreover, the differential quadrature approach presented by Wang and Bert
(DQWB) is also further extended to handle the boundary conditions of higher-order moments of
plates with finite deformations. A technique similar to paper [16] is extended to simplify nonlinear
computations and the harmonic balance method [19] is used to derive the equations of motion.
The numerical convergence and comparison studies are carried out to validate the present DQ
solutions. Good convergence and agreement are achieved. Furthermore, numerical examples
show the effects of geometric and material parameters of orthotropic plate on nonlinear vibration
characteristics. At the same time, the effects of transverse shear deformations and rotation inertia
on nonlinear vibration behaviors of orthotropic plate are studied, too.

2. Mathematical Model

Consider an orthotropic rectangular plate with the sides of lengths a and b along x and y axes,
respectively, and thickness A. Let X =x/a, Y = y/a, the dimensionless displacements be
UX,Y)=ulx,y)/h, V(X,Y) =v(x,y)/h, W(X,Y) =w(x,y)/h, and &(X, Y) and P(X, Y) be the
mid-plane rotations about the y and x axes, respectively.

Based on Reddy’s theory of plates taking into account the effect of higher-order shear
deformations [4], the governing equations of nonlinear free vibration of orthotropic plates with
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finite deformations can be written as
AU xx + Ass2> U yy + (A1a + Aso) AV xy + W x (A 22 W yy + A1~ W xx)
+ (A2 + Aee) 2B W xy Wy = B0,
APV vy + AV xx + (A2 + Ae) AU xy + Wy (A2 B W vy + A~ W xx)
+ (A + Ae) AW oy W x = B2V,

G\ W xxxx + G W yyyy + G322 W yxyy + GaP® xxx + Gsp2> P yyy
+ Go(BA>® xyy + ABY yxx) — G1 (B D x + B W xx) — Gs(UB Wy + 2B W yy)
+ (PP AW vy + B AW xx)(B 2V y + 37207 W,zy)
+ (PBPARW vy + BPAnW xx) (B~ Ux + 3872 W2)
+ 2462V xy (B~ AU y + BV x + AW y W x)
+ BW x[A1 U xx + Ae6A> U yy + (A12 + A)AV xy
+ W x(Aes W yy + A B~ Woxy) + (A2 + Ae)° B W xy W y]
+ ABW y[A0i7V vy + As6V xx + (412 + Ae6)AU xy
+ Wy (Al B W yy + Ao B~ W xx) + (A1 + Aee) 2B~ W xy W x]
=W+ G2 Wyx + Guf P W yy + Guf ' @ x + Gufp AP y
— GaW xxx — Gel>W xyy + Giof® yx + G11p12® yy + Gofi¥ vy
+GHP D+ B W x) = Gisp~ &+ Gy W x
— G2 W yyy — GeAW xxy + GuBY xx + Gofi® yy + G2 ¥ yy
+ Gs(BP + AW .y) = Gisp~ ' + Giep 7AW y, (1)

where A =a/b, p =a/hand T = t/ty, to = (a*/h)\/p/E1, t is the time, E| is the Young’s modulus
in the x-direction, p is the density. Obviously, Eq. (1) is a set of nonlinear partial-differential
equations, as in which include the product of unknown variables.

For convenience, we assume that the edge of the plate is simply supported. So the boundary
conditions can be given as
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in which the moment M; and higher-order moment P; are expressed as
M1 = DI(D,X + Dzlp,y + D3 W,XX + D4 W,yy,
My = Ds® x + D¢V y + D7 W xx + DsW yy,
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Py =Do® x + DoV y+DuW xx + DiuW yy,

Py =D;3®x + Diy¥y + DisW xx + DigW yy. (3)
From Egs. (3) and (2), the boundary conditions with simply supported edge can be simplified as

U=V=W=¥Y=0y=Wyxxy=0, X=0,

U=V=W=¥=0y=Wxy=0, X=1,

U=V=W=0=¥%y=Wyy=0, Y =0,

U=V=W=0=¥%y=Wyy=0, Y=1 4)

All coefficients G; and D; in the above equations and boundary conditions can be found in
Appendix A.

3. DQM on nonlinear vibration of orthotropic plates

The DQM approximates the partial derivative of a function, with respect to a spatial variable at
a given discrete point, as a weighted linear sum of the function values at all discrete points chosen
in the solution domain of the spatial variable. Consider a function F (representing U, V,W,® and
¥) of the variables in the domain (0< X <1,0< Y <1) with N x N grid points along x and y axes,
respectively. Then, the first-order partial derivative of the function F(X, Y) at a given discrete
point X = X; along any line Y = Y; parallel to x-axis may be approximated by

N
(Fy), = <2—§) =Y AwFi=AuFr, i.k=12,..,N. (5)
X=X; k=1
Here, Fi, = F(Xy, Y)), Ay (i, k = 1,2 ..., N) are the weighting coefficients of the first-order partial
derivative and they may be obtained from the paper [11]. At the same time, for convenience of
writing, we employ here summation convention, namely, the terms with repeat subscript in an
expression (for example, k in Eq. (5)) express the sum about the subscripts from 1 to N.
The weighting coefficients of the higher-order partial derivatives with respect to x can be

computed by matrix multiplication once A4;’s are determined. Thus, one has
(F xx); = AjjAjFi = By Fy,
(F xxx); = AjByFi = CyFy,
(F xxxx); = AjCiFi = BBy Fi = Dy Fy, (6)

where By, C; and D, are the weighting coefficients of the second-, third- and fourth-order partial
derivatives, respectively. The formulae in the y-direction are similar.

DQWB approach [14,15] is now further extended to handle the higher-order boundary
conditions of plates taking into account the effect of transverse shear deformations. The essence
of the DQWB approach is that boundary conditions are applied during formulation of the
weighting coefficients for inner grid points.

Using Egs. (5) and (6) in matrix form and noticing the boundary conditions about deflections
Wi=Wlxoo=0,Wyn=W]|y_; =0 and W, xxy = Wyxx =0 from Eq. (4), one obtains the
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equivalent equations as follows [14]:

(W), =AaWy, An=Aiv=0,
(W xx); = BuWy, Bin=Biy=0,

(W xxx); = CaWi, Ci=Ciy=0,
(W xxxx); = DaWx, Din=Diy=0. (7)

From the boundary conditions (4), it can be seen that the weighting coefficients Ay, B, Ci
and Dj, for U, V and W are similar.
Eq. (7) can be written as the following matrix forms:

Wy =AW, Wyy=BW, Wy =CW, Wyyyy=DW, ®)

where, W = [W,, W3, ... Wy_», Wy_1]" is a desired (N — 2) line vector, A, B, C and D are (N —
2) x (N — 2) coefficient matrices. Similarly, we may obtain the formulae for U and V.

For the boundary conditions of &(X,Y) and Y(X,Y), it is necessary to modify the
corresponding coefficient matrices.

From the boundary conditions (4), the corresponding DQ approximate equations of the
boundary conditions for @(X, Y) are given as

@ =dy=0, Y=0,1, (9a)
N N
D A =0,y Au®=0, X=0.1, (9b)
k=1 k=1

Y, =¥Yy=0 X=0,1, (9¢)
N N
ZAlkazo,ZAqu/kzo, Y=0,1. (94d)
k=1 k=1

From Eqgs. (9b) and (9d), the boundary values of (@, ®y) at X = 0, 1 and the boundary values
of (W1, Yy)atY =0, 1 can be, respectively, expressed in terms of the values of @; and ¥, at the
inner points:

AlNZiv;;ANk(Dk - ANNZIICV;QIAlk(pk

By |y = ,
tr=o Any A — AinAn
Byly s = A SN A @y — A SN A D
r=l AnnAn — AinAni ’
Wil = AN S AP — Any S n s A Wi
r=0 ANNA“ - A]NANI ’ (10)
v AN e AP — A pos A P
Nly=1 = )

AnyAn — AinAn
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Similar to the way above, substituting Egs. (9a), (9¢) and (10) into Eqgs. (5) and (6), we have
D,y = AD, @,,, = BD,
O,y =AD, @,y = BO, @4y = CD,
¥,y =AY, Y.y = BY,
¥, =AY, W,;y=BY, ¥,y =C¥Y. (11)

Here, the forms of ® and ¥ are similar to those of W, A, Band C are (N — 2) x (N — 2) modified
coefficient matrices.

Further dividing the two-dimensional domain into N, x N, grid points along x and y axes,
respectively, the DQ formulation, in matrix form, for the partial derivative of a function F(X,Y)
(representing U, V and W) in two-dimensional domain may be given as follows [16]:

Fy=A.F, Fyx=B/F, Fyxx=CF, Fyyxxx=D,F,

Fy=FA,, Fyy=FB), Fyyy=FC,, Fyyy=FD,,

Fyy=AFA4,,  Fyyy=AFB),

Fyxr = BFA;,  Fyyyy = B.FB,. (12)

The DQ formulations in matrix form for the partial derivatives of the functions @(x, y) and
¥Y(x, y) in two-dimensional domain are similar; hence we have

@,y = ®A), ®yy=0B @yyy=ADB),
Oy =40, Oyy=B0, Oyy=C00yy = /:lx‘l)z‘_l;,
- - _ =T
Yy=4.¥, WYxx=BY, Yxxw=BY4,
:T =T :T - :T
VYy=%¥4,, Yyyr=¥B, Yyyw=¥YC, ¥Yyxr=4.Y4,. (13)
Other than W, @ and ¥ (please see Eqgs. (8) and (L1)), the unknown variables F, ® and ¥ are
rectangular unknown matrices. 4, B, C, D and A, B C with subscripts x and y stand for the DQ
weighting coefficient matrices for the first-, second-, third- and fourth-order partial derivatives
along x and y directions, respectively. The superscript T means the transpose of the matrices.

Applying DQ matrix formulas (12) and (13), the nonlinear vibration equation (1) can be
discretized at each discrete point on all inner grids of the two-dimensional domain as

Ay B,U + A66/12UB}T, + A+ Aéa)ﬂu‘-lez‘-lyT, + (A W) o (A66/12WBI + A1 BW)
+ (12 + 4e6) (AW A,) 0 G~ W) = B0,

An??VB} + A BV + (Ar2 + As) A AUA; + (A~ 'WA) o (A >WB; + AgsB.W)
+ (A + A) 2AWA) o (B AW) = 72
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GIDW + G 2*WD! + Gy 2BWE! + GpC.® + GspiPw

+ Go(p/2A DB, + ﬂ}ul?x‘l’/zlj,) — G;(B*A,D + p*BW) — Gg(zﬁﬁrij + f2>WB))
+ [ An(WB) + B A(BW) o [ AV A,) + 37277 (WA,) 0 (WA,
+ 2B A1(WB)) + F2A11(ByW)] o [B7(A,U) + 1572 (AW) 0 (A, W)]
+ 2466 MAWB;) o [ﬁ*‘z(U/lj) + N ANV) + 1A AW) o (wfif,)]
+ B(AW) 0 [A11B,U + Aes2*UB) + (A1 + Age)2 AV A,
+ (B A.W) 0 (AésﬂuZWB}T, + 411 BxW) + (412 + A66)(/1/_1xW1‘]I) o ()uﬁ_lwf‘]yT)]
+ }tﬂ(W/_II) o [AzziZVB}T, + Ao BV + (412 + Aés)i/_lez‘_l}T,
+ (A IWA) 0 (A >WB] + AgsBW) + (A1 + Ass)2AWA,) 0 (B 4,W)]

= Wt G 2BW + G 22WE! + Guap ' A + Grup 204,
~ G4CW — G224, WB, + G1ofB.® + G|, fA®B]
+ Gop2 AN A, + G1(F® + FPAW) = Gisp '@ + Giof AW
~ Gs/*'WC, — GeJB,WA + G fB.Y + Gofi A, @4
+ GpiPWB, + Gy(BY + IPWAL) = Gisp~ ¥ + Giep WA (14)

[T3REE]

Here, the symbol “o” expresses Hadamard product of matrices defined as

AoB=[a; b;le CVM,

where 4 = [a;], B = [b;] € VM cN*M denotes the set of N x M real matrices.

We have to point out that the boundary conditions (4) have been applied when the coefficients
in Eq. (14) are calculated. Thus, the boundary conditions (4) must not be reconsidered when
Eq. (14) is solved.

Using Hadamard and Kronecker products of matrices [16,20], and ignoring in-plane inertia, the
coupled nonlinear formulations can be converted into an explicit matrix form as follows:

Llﬁ + LQV + (L7W) o (L]W) + (LgW) o (LzW) = 0, (158_)

LsW + H,® + Hg¥ + (LsW) o [L7U + XLy W) o (L;W)]
+ (L¢W) o [LgV + H(LgW) o (LsW)]

2
+ M(sz) o [Lgﬁ + L7V + (L7W) © (LgW)]
6
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= N E = = = =T
=W+ Gp BW + Gap 2P WB) + Giap ™' A.® + Gup ™ i¥A,, (15¢)
H\W+ H,® + H¥ = Gisp ' ® + G124, W, (15d)
HyW + Hs® + H¥ = Gisp~'W + Gi6f2IW A}, (15¢)

in which the expressions of L; and H; are listed in Appendix B, and U, V, W, & and ¥ are vectors
generated by stacking the rows of the corresponding rectangular matrices U, V, W, ® and ¥ into
one column vector.

In order to avoid the ill-conditioning matrix and easily decouple, the coupled nonlinear
equations (15) are changed to the equivalent forms by algebraic operation. The process given in
the present paper is different from the approach in Ref. [16].

From Egs. (15a) and (15b), the unknown vectors U and V in terms of W can be expressed as

U= L' Ly Ho(W) = Ly Ly) Hia(W), (16)
V = L)L Hy(W) — L) Ly Hia(W),
where
Ly=Li+L,, Lo=L—L), Lpnp=Lr+Ls, Lyx=1L—1Ls,
Ly= L3, Ly — Ly} Lia, Lig= L5'Lyy — L3 Lo,

Hp(W) = (LyW) o (L1W) + (L3;W) o (LgW),

H1(W) = (LizW) o (L;W) + (L3 W) o (LgW).
Substituting Eq. (16) into Eq. (15¢), the coupling equations (15a)—(15c) can be decoupled. By
applying the harmonic balance method [19] and neglecting the higher harmonic component, Egs.
(15¢)—(15¢) may be solved iteratively.

The grid spacing pattern in this paper is given as follows [11]:

1
X; =11 — cos (le _)f], i=1,2,.N,
(i—Drn

Y; =41 — cos l, i=12,..N,, (17)

Ny —1
in which, X; and Y; are the spacing grids in x and y directions, respectively. Wang and Bert [14]
pointed out that DQM can yield good results for static and free vibration analyses of rectangular
plates with various aspect ratios, a/b, when the same number of grids points along x and y axes is
employed, namely, Ny = N, = N. Thus, in the following computation, we apply the same number
of grid points in x and y directions.

4. Results and conclusions

The presented procedure may be, at the same time, employed to solve both linear and nonlinear
problems and make comparison between them. In numerical computations, the nonlinear
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vibration behavior is described by the ratio of nonlinear vibration frequency to the corresponding
linear vibration frequency, namely, (@/wy).

4.1. Convergence and comparison studies

In other papers, the convergences of the DQM for linear free vibration and the static
geometrically nonlinear analysis of isotropic and orthotropic rectangular plates have been
discussed [12,13], respectively. It can be seen that the DQ solution has very good convergence. In
this section, the numerical convergence and comparison studies of the DQ solution for
geometrically nonlinear free vibration are carried out first by considering the ratio of nonlinear
vibration frequency to linear vibration frequency, namely, (w/wy).

For nonlinear free vibration of an isotropic square plate with finite deformations and
shear deformation effects, the frequency ratios (w/wg) for various amplitude ratios are obtained
by using the present approach with different grids of sampling points. Results are shown in
Fig. 1 and Table 1, together with the other solutions for thin plates [21]. From Fig. 1 and Table 1,
it is seen that the numerical solutions obtained from DQWB converge rapidly with the
grid refinement. The DQ solutions obtained from the grid sizes of 7x 7 and 9 x9 own the
same accuracy. From Table 1, it can be seen that we only employ the grid size of 5x 5 to
obtain satisfactory results. Thus, in the following computation, we apply 5 x 5 unequally spaced
grids.

Moreover, for thin plates, it is seen that all results are consistent, in spite of that, we employ the
Reddy’s theory of plates with the effect of higher-order shear deformations and finite
deformations or the Kirchhoff theory of thin plates with finite deformations. But for plates in
which the thickness-to-width ratio is no longer small, there is the difference between results
obtained from different theories of plates. This will be discussed later.

Based on the analysis above, the present method has good reliability and accuracy. Next, we
will give typical numerical examples to show the effects of geometric and material parameters,
transverse shear deformation and rotation inertia, as well as amplitude of nonlinear vibration on
the frequency ratio @w/w. To consider the effect of orthotropy, the material parameters in
computation are listed in Table 2.

4.2. Parameter study

Fig. 2 shows the effect of plate length-to-width ratio a/b on the amplitude—frequency ratio
curves of nonlinear vibration of orthotropic plates. In computation, we take the plate thickness-
to-length ratio 4/a = 0.1 and the material parameters are listed in Table 2.

It can be seen that the frequency ratio w/w, increases as a/b changes from 1 to 0.1 or from 1 to
2 for same dimensionless amplitude. It is demonstrated that the difference between nonlinear
vibration frequency w and linear vibration frequency wg of the rectangular plate is larger than that
of the square plate under a certain thickness-to-length ratio (4/a) when dimensionless amplitude is
under a certain range. At the same time, it is observed that the difference between @ and wq
increases with an increase in the dimensionless amplitude.

Fig. 3 shows the effect of thickness-to-length ratio (#/a) of the plate on amplitude—
frequency curves of nonlinear vibration of an orthotropic square plate with orthotropy
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1.4

1.3

1.2+

wley

1.1+

1.0 1

—{—5x%x5
—IN—7x7

—%—9x9

Fig. 1. DQ solution of central deflection of the square plate (a/h = 100, v = 0.3) for different grids.

Table 1

w/wy comparison for isotropic square plate (a/h = 240, v = 0.3)

Winax 0.2 0.4 0.6 0.8 1
Present DQ 5 x 5 1.0186 1.0736 1.1548 1.2641 1.3929
Present DQ 7 x 7 1.0194 1.0760 1.1641 1.2790 1.4142
Elliptic function [19] 1.0195 1.0757 1.1625 1.2734 1.4024
Peturbation [19] 1.0196 1.0761 1.1642 1.2774 1.4097
FEM [19] 1.0185 1.0716 1.1533 1.2565 1.3752
Table 2

Material parameters in computation in Figs. 2-5

Materials E, E; 912 g13 923 V12 V21 E\/g:5
Isotropy 14.7 0.25 2.5
Orthotropy A 145.5 76.4 42.6 25.91 43.23 0.44 0.23 5.6
Orthotropy B 128 8 4.5 4.5 1.6 0.28 0.28 28.4
Orthotropy C 144.79 9.65 4.14 4.14 3.312 0.3 0.3 34.5
Orthotropy D 174.6 6.98 3.49 3.49 1.4 0.25 0.25 50

material B in Table 2. It is seen that an increase in the thickness-to-length ratio results in an
increase in the difference between the nonlinear vibration frequency and linear vibration

frequency.
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Further, the effect of transverse shear deformations on nonlinear vibration behaviors of the
orthotropic plate is investigated by comparison of the frequency w with frequency w;, in which w
is the nonlinear frequency, including the effects of transverse shear deformation and rotation
inertia, and ; is the corresponding linear frequency obtained from the classical theory of plates,
excluding these effects.

The ratios w/w; have been computed for various non-dimensional amplitudes. The results are
graphically presented in Figs. 4 and 5 for various thickness-to-length ratios and material
parameters, respectively. It can be seen that, with the increase of i/a or E|/Gi3, the effects of
transverse shear deformation and rotation inertia on the frequency ratio w/w; are apparently
increased when the dimensionless amplitude is under a certain range, especially at small amplitudes.

5. Concluding remarks

The nonlinear free vibration problem of orthotropic plates with finite deformations and the
effect of higher-order transverse shear deformations is studied by using DQM. Good convergence
is presented even when only a small number of grid points are used. A wide variety of cases are
performed to examine the nonlinear free vibration characteristics of orthotropic plates. The
difference between the nonlinear vibration frequency and linear vibration frequency increases with
increases in the dimensionless amplitude and the thickness-to-length ratio, and the difference for a
rectangular plate is larger than that of a square plate when the dimensionless amplitude is under a

a/b=0.1
a/b=1
a/b=1.5
' T ' T ' T ' T ' T
0.0 0.2 0.4 0.6 0.8 1.0

W,

Fig. 2. Effect curves of length-to-width ratio on amplitude—frequency.
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Fig. 3. Effect curves of thickness on amplitude—frequency.
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Fig. 4. Effect curves of shear deformation on amplitude—frequency.
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0.55 : : : : : : , . ,
0.0 0.2 0.4 0.6 058

Fig. 5. Effect curves of material parameter on amplitude—frequency.

certain range. The effects of transverse shear deformation and rotation inertia on the frequency
ratio are apparently increases when the thickness-to-length ratio or material orthotropy increases.
It can be seen that the present DQM is accurate and efficient for solving complex nonlinear
problems.
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Appendix A

G; and D; in Egs. (1) and (3) are given by
An=p, Ap=evnp, An=eu, Ae=4gp,
Gy = —u/252, Gy = —eu/252, Gz =—2g;y/E\+view)/126, Gy=4u/315, Gs=4deu/315,

Gs =429,/ E1 +view/315, G7=—8g;3/15E|, Gs= —8¢/15E1, Gio=17u/315, G5 =17/315,
Go = 17(g1,/E1 + view) /315, Gy = 17g,,/315E1, Gpa = 1Ten/315, Gy = —1/252, Gis = —Gi = 4/315,
Dy = K*uE,\/15a, Dy = h*viuE;/15b, D3 = —h*uE,/60a?, Dy = —h*v\uE,/60b*,

Ds =vieDy, D¢=Dy/vi, Dj=nvieDs;, Ds= Ds/vi,

Dy = h°uE,/105a, Dy = h®vuE>/105b, Dy = —h®uE,/3364*>, Dy = —h*v\uE,/336h%,

D3 =vieDy, Diy=Dy/vi, Dis=vieDi, Dig=Dp/vi.
where p = 1/(1 —viv2), e=Ey/E|.
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Appendix B

L; and H; in Egs. (19) and (3) are given by
Ly = An(, ® By) + A6/’ (B, ® 1), Ly = (A2 + Ae)MA, ® Ay), Ly =p"'(I, ® 4y),
Ly =ip (A4, ®1I,), Ly=Ani*(B,® 1)+ A, ® B.),
Ls =’ An(B, @ 1) + B AnU, ® By), Lo =7 An(B, ® 1) + f* A, ® By),
Ly = G(I, ® D)) + G2Y(D, ® I,) + G32*(B, ® B,) — G1p*(I, ® B,) — Gs/* (B, ® I,),
Hy = Gap(I, ® C) + Gep72(B, ® A,) — G1p°(1, ® A,
Hy = Gspi(Cy ® 1) + GeA(A, ® By) — Gif*(4, ® L),

Hi = -Gy, ® Cy) — GeA*(B, ® 4) + G171, ® 4,),
Hy = Gof(, ® B+ Gupi(B, ® 1)+ G1f° (I, ® 1),
Hy = Gopi(A, ® Ay),  Hs = Gopi(d, ® Ay),
Hy=—Gs2(C,®1I,) — GeAM(A, ® B,) + Gs\p* (4, ® 1),
He = GppiX(B, ® I.) + Gu B, ® By + G, ® 1),

where the symbol ® denotes the Kronecker product of matrices, I, and I, are the unit matrices.
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